Abstract. Completely invariant components of the Fatou sets of meromorphic maps are discussed. Positive answers are given to Baker's and Bergweiler's problems that such components are the only Fatou components for certain classes of meromorphic maps.
Introduction
Let f be a transcendental meromorphic map defined in the complex plane C. 
(U)C U and I(U)C U for a component U of F(I), then U is called a completely invariant component of F(f).
More details of these can be found in [11] , [12] and [18] .
We define FV(f) to be the set of Fatou exceptional values of f, that is, the points whose inverse orbit O-(z) = {w: fn (w) = z for some n E N} is finite. The set FV(f) contains at most two points. Transcendental meromorphic maps can be divided into the following three classes:
(i) E={f:f is entire }; (ii) P={f:f is meromorphic, has exactly one pole, and ooEFV(/)}; (iii) M={f:f is meromorphic, has at least one pole, and oc~FV(f)}.
(1) Both authors are supported by NSFC and the 973 Project.
The iteration of maps in E was studied by Fatou [14] , Baker [1] , [2] , [3] , [4] , [5] , [6] , and other authors. If f is a map in P then we may assume without loss of generality that it has a pole at the point 0, and it then follows that f must be an analytic map of the punctured plane C* =C\ {0} onto itself. The iteration of such maps was studied first by R~dstrSm [20] and then by others [5] , [16] and [17] . In a series of papers [7] , [8] , [9] and [10] , Baker, Kotus and Lfi studied the iteration of maps in M.
For a rational function f with degree more than one, it is known that F(f) can have at most two completely invariant components and if F(f) has two such components, then these are the only components of F(f). In [2] , Baker showed that if fEE, then there is at most one completely invariant component of F(f). He also asked whether the existence of a completely invariant component of F(f) precludes the existence of other components or not (see [3] ). Eremenko and Lyubich [13, Theorem 6] showed that this is true if fCSAE, where S = {f : f is meromorphic and has finitely many critical and asymptotic values}. We also consider another class F, where
, where r is rational and p is a polynomial}.
Theorem 2. Let f be a map in FNE. If iv(f) has a completely invariant component U, then F(f)=U.
If f is an analytic self-map of C*, we see from [5] that there are four types of maps f:
(a) f(z)=kz ~, kr n~Z, nr (we are excluding MSbius transformations); (b) f(z)=z .9 non-constant entire, heN;
), 9 non-constant entire, hEN (we note that without loss of generality, fEP is just this type);
, h non-constant entire maps, mEZ.
We call f a transcendental analytic self-map of C* if f has the form (b), (c) or (d). In all cases the set J(f) is closed, non-empty and even perfect in C*, with the complete invariance property Remark. In this lemma, (i), (ii) can be found in [9] , Lemma 4.2 and its proof;
(iii) is Lemma 4.1 of [9] ; (iv), (v) in Beardon's book [11, pp. 82 83] are shown to be true for the case when f is a rational flmction, however, the proofs of the rational case apply to the general meromorphic function without further difficulties. For completeness, we give the proofs of (i), (ii), (iv) and (v) here.
Proofs" of Lemma 2.2(i), (ii), (iv) and (v).
Since ~ is an essential singularity of f, it follows from the big Picard theorem that f(z)=a has infinitely many solutions in any neighborhood of oo for all a~U except for at most two points. Since U is completely invariant, all these solutions belong to U. Thus U is unbounded and this is (i).
To prove (ii), we need to prove only that d(f)cOU. Let V be a domain in C such that VNOU=O. Then either VcU or VcC\U. In the first case we have VCF(.f); in the second case, we have f'~(V)NU=O (m=0, 1, ...). Thns {f'~}~=0 is normal in V, and so, VcF(f). Both cases imply J(f)cOU.
To prove (iv), observe that from (ii), J(f)UU is the closure of U and so is (ii) Let U be a completely invariant component. Then by Lemma 2.2(i) and Theorem 3(i), U is unbounded and all components are simply connected. Suppose that there is a component V~U of F(f) in which f is neither a univalent map nor a two-fold map. Let K be a component of F(f) such that f(V)cK. Then 
KC=U.
Take a value a in K such that f(z) =a has infinitely many simple roots (f'(z)=0
at only countably many z so we have to avoid only countably many choices of a), and analytically to oc along almost any ray starting at a, in particular along some ray L which meets U. Denote by ~ the segment of L from a to a certain point bcU.
Then as w moves along ~/ the functions P(w), Q(w) and R(w) trace out curves P(V), Q (7) 
(iii) OU--J(f) in C;
(iv) all other components of F(f) are simply connected.
Remark. In Lemma 2.2 we have shown that (i), (iii) and (iv) in Lemma 2.5 are true when f is a meromorphic map, however, since 0 and oc are essential singularities of f2 for a map f of the form (c) or (d), the proofs of the meromorphic case apply to the transcendental analytic self-map of C* in the classes (c) and (d) without further difficulties. We omit the proof.
By Lamina 2.5(iv), we can immediately obtain the following corollary. 
Completely invariant domains for f CS
Next we prove Theorem 1.
Lemma 3.1. ([9]) Suppose that f is a transcendental meroraorphic map, f c S and that F(f) has a simply eonr~ected completel;q invariant component Uo. Then ec is an accessible point of OUo.
Proof of Theorem 1. Since by Lemma 2.6 and Theorem 4, F(f) has at most one completely invariant component when f is transcendental entire or fEP, and the result is known for rational functions (see, for example, [11, Theorem 9.4 al,blcV1 and a2,b2EV2. We join al to bl in 171 by a Jordan arc 51, and a2 to b2 in Vu by a Jordan arc 52. We also join as to Zl, a2 to zl in D1, bl to z2, b2 to z2 in D2 by Jordan arcs al, 01, or2 and 02, respectively, such that A=o-lU51Ucr2U02U52U01 forms a Jordan curve in C. The curve A separates C\A into two components N1 and N2. Let N1 be the bounded component in C. Take any points q on 51, q:/:al, q~bl, and r on 52, rTka2, rCb2. Join q and r in N1 by a cross-cut r/. Then r/ goes from V1 to 172, and hence must meet Y(f). Let ZoE~<Y(f). Then N 1 is a neighborhood of z0 and contains a point pEO (oc). Thus p is a pole of fk for some positive integer k. By Lemma 3.1 there is a curve 7 in V1 such that 7--+o0. Thus there is an image 7'=f-~(-~) which tends to p and lies in V1, i.e. p is accessible in 1/1 along 7 ~. We can therefore find a cross-cut F1 of 1/1 which has two ends at p and oc, and meets A only at q, for 51 is in the domain 1/1 and qE51.
Similarly we can find a cross-cut F2 of 1/2 which has two ends at p and oo, and meets A only at r. Then F=F1UF2 forms a Jordan curve in l~, F separates t~\F into two components E1 and E2, and A\F separates into two Jordan arcs #l and #2 which both have deleted ends q and r. Suppose zlC#l. If z2E#s, then as #1 = (61n/t1)UOl U01U(52N#l) or #l =(51N#l)Ocr2UO2U(52N#l) and z1, Z2C J(f), we have zl,z2C~sUO1CD1 or zl,z2Ecr2UO2CD2, i.e. D1AD2:/=O, which is a contradiction. Therefore, if qe#l, then z2E#2. Since F meets A only at q and r, we have #inF=~) (i=1,2). It follows from the connectivity of gq and #2 that /*iCEs or #icE2 (i=1, 2). If #s and #2 are in the same component, say El, then NICEs as N1 is bounded in C and E1 and E2 are both unbounded in C. Thus pcEs, a contradiction. Hence/*1 and #2 are in the different components E1 and E2.
Since zl E#l and z2E#2, the points zs and z2 are in the different components E1 and E2. Therefore by ziEcOU (i=1, 2), U contains both points of E1 and E2, which contradicts the connectivity of U since FNU=0. []
Completely invariant domains of fEFNE
In this section, we will prove Theorem 2. To this end, we need the fbllowing lemmas. On the other hand, since f is transcendental entire and f-1 (U)c U, we see that flu cannot be a univalent map, then U is neither a Siegel disc nor a Herman ring. Thus the set ~_>0 ff~(sing .f-l) has only one limit point (possibly oc). Consequently D cannot be a Siegel disc in view of Lemma 4.5(ii). Thus U is the only periodic component of F(J').
If F(f) has a preperiodic component V, then there exists a positive integer n such that f"(V) is periodic. Thus fT~(V) cU. However, U is completely invariant, hence V=U.
We have proved that F(f) has only one component U so that
Julia sets as Jordan arcs
Finally, we prove Theorem 5. We begin with some lemrnas. (I) a Jordan curve containing oo; (II) a Jordan arc with precisely one finite endpoint a; (iII) a Jordan arc passing through cc and with both endpoints finite; Thus we need only prove that Cases I and II are impossible.
In Case I, since a(f) must pass through oc, F(f) has precisely two components, U, and U2, both of which are simply connected. We have either is entire, we let n=0). Since f is transcendental meromorphic, we can take a point aEU1 which is neither a Picard exceptional value nor a critical value of f(z). Since [/1 is completely invariant and f-1 (a) is an infinite set, f-1 (a)C U1, and we can take n+2 branches g~(z) (k-l, ..., n+2) of the inverse function of f(z) which are regular at a and satisfy 9.i(a)r f'(gi(a))r (i,j=l,...,n+2, ir By Gross' star theorem one can continue g~ (z) (k= 1, ..., n+2) analytically to infinity along almost all rays emanating from a. We can therefore pick such a ray L which meets U2. Denote by ~/ the segment of L joining a to a certain point b in [/2 and directed from a to b. Then as z moves along ~/the functions gk(z) (k=l, ... ,n+2) trace out curves gk(v) (k=l, ... ,n+2), which are disjoint, for none of gk(z) (k=l, ... ,n+2) has a singularity on 7. Thus all 9k (7) has n poles and they are all on J(f), we can see that among these arcs, there is an arc that contains no poles of f. We denote it by ~ and its deleted endpoints by t and t ~. Without loss of generality we can suppose that t~91 (7) and t'Eg2 (7) . Thus 91(7) joins algal(a) in U1 to u2=91(b) in U2 and similarly 92(7) joins vl =g2(a) in U1 to v2=92(b) in U2. Now we join ul to vl by a simple arc /~ICU1 and join u2 to v2 by a simple arc N2CU2. For i=1, 2, if/~g is oriented from ui to v~, let u~ denote its last intersection with 9~(7) and v~ its first intersection with g2(v). Let /3~ denote the subarc of/~i, whose endpoints are u~ and v~, oriented from u~ to v~ and let vr and x denote the arcs ulu 2' ' and vsv2' ' of g1 (7) In Case IB, we have f-I(U1)cU2 and f-I(U2)cU1. As in Case IA, we can take a point aEU1 which is neither a Picard exceptional value nor a critical value of f(z). Since f-l(U1)cU2, we have f I(a)CU2. Following the same deduction as in Case IA, just substituting U1 by U2, and U2 by U1, we also obtain a contradiction. Hence J(f) cannot be a Jordan curve as described in Case I.
In Case II, J(f) is a Jordan arc with one end at cc and one finite endpoint a. Let P(z)=z2+a. For some z0 such that fP(zo)=ar oo, take a fixed branch of P-l(w)=(w-a)~/2 at w=a. We consider the function h=P-lfP. Since by Lemma 5.2, fEM, it follows from Lemma 5.3 that h continues analytically to a function in class M and J(h) is a Jordan curve. We also see that h has only finitely many poles. Thus J(h) is a curve as described in Case I, which is impossible.
Therefore J(f) must be in Case III, i.e. J(f) is a Jordan arc passing through oc and both endpoints of J(f) are finite. []
